In the Geometry of Iterated Loop Spaces
, J. P. May carries out this program using an approximation a n :
C n X^Ώ n Σ n X for 1 < n. The map a n is a homotopy-equivalence when X is connected, and in general is a group-completion. This means that a n is an i/-map between an if-space and a group-like i/-space, and (α n )*: H*{C n X) -> H*{Q, n Σ n X) is a localization of the ring H*(C n X) at its multiplicative submonoid π 0 Xίox field coefficients. (See [M2, Ch. 15] . ) We wish to carry out such a program in the equivariant case, where all spaces are acted upon by a group G. The right space to approximate in place of Ω n Σ n X is the space Ώ V Σ V X. Such an approximation exists in the case where G is finite ( [HI] , [S2] ). But the case where G is a compact Lie group is much deeper, and our approximation to (Ώ V Σ V X) G is therefore not the greatest generality one could hope for. Indeed, a suitable approximation to Ω V Σ V X (even in the stable case) would suffice to prove an equivariant "regcognition principle"-a simple test enabling one to determine whether a given space admits deloopings of all orders. (When G is finite, May, Hauschild and Waner have developed such a principle.) In the last section we indicate what one could hope for in this regard, and plan to address the actual development of a recognition principle in a future paper.
Definitions and notations.
Let G be a compact Lie group, and V a finite-dimensional real representation of G. Throughout the text, Sfj will stand for the symmetric group onj letters.
In this section, we will define a space C G (V, X) of "configurations" of G-orbits in V which will be the finite-dimensional version of an approximation to ( 
where (H) ranges over the set of conjugacy classes of closed subgroups of G, and the product is the "weak product" (the direct limit of the finite subproducts via basepoint inclusions). Thus a point of C G (V, X) is represented by a tuple (v v ..., vy, x v 
which would then be shown to be a group-completion under certain hypotheses. However, the orbits in C G (V, X) are not "thick enough" to make it convenient to define such a map directly, and (analogously to [C3] , [M2]) we will turn to an intermediate space C G (V, X) which will map to both C G (V, X) and (Ώ V Σ V X) G . First we will define a space of "thick orbits" in V. Let F G (V) denote the spaces of discs D in V such that (i) D is a normal slice at its center υ to the orbit v G in F, and (ii) the map D X H G -> V taking (d, g) to dg is an embedding, where
There is an injection i: 
This is a G-map, since
Since
This is well-defined since the sets D t -G are pairwise disjoint, and (1-11) holds. There is a general lemma which guarantees its continuity:
Proof, a is continuous if a\FjXis continuous for ally. D
In the present case,
are different from * for any DES K , and composition is done by combining/^ ...,/)• as in (1.12).
The space is filtered by (1.14) FjZ = {z\z (H) Φ * for only finitely many
The space Z projects onto C G (V, X) via a quotient map p, and the composite ap satisfies the hypotheses of the lemma and hence is continuous; thus a is continuous.
We can now state the main theorems.
( 
Let A(G) denote the Burnside ring of G. In the finite case, this is the universal enveloping ring for the semi-ring of isomorphism types of finite G-sets, under the operations of disjoint union and Cartesian product. Tom Dieck defines it analogously for Lie groups. (See D2.) We will compute the structure of π o (C G (W 9 X)), and (1.8) and (1.15) will allow us to deduce the additive part of torn Dieck's result in [Dl] Proof. Since G is finite, L(H) = 0 for all H, and G/H is a finite set. Define a homeomorphism
The approximation
restricting to a subgroup H lets us conclude that a H is a group-completion for all H < G. D
The nice point here is that we needn't approximate the various fixed-point sets of Ώ W Σ W X separately when G is finite.
Fiberings of equivariant function spaces.
Let V be a real representation of G.
Here we will produce fiberings involving various subspaces of (Ώ y Σ v X) G , and we will use these later to reduce the proof of the main theorem to consideration of spaces of functions which are nontrivial only on maximal orbits. 
T~T c (v x} -> c (v x)
composed with k. Recall the following definitions and notation from [Bl] . A sectioned bundle is a bundle ξ: E -* B equipped with a section Δ^: B -> E (so that £o Δ^ = id). If B is fixed, sectioned bundles over B form a topological category, and if ξ 9 η are sectioned bundles over B, define Bund o (£,τj) to be the space of morphisms from £ to η. These are bundle maps /over B such that/ ° Δ^ = Δ .
Duality in equivariant function spaces.
The fiber ^(b) of ξ over b may be thought of as a based space with basepoint Δ^(6), and we may construct several functors on the category of sectioned bundles over B from standard functors on the category of based spaces. For example, if | and η are sectioned bundles over B, let £ Λ η denote the "fiberwise smash product" of ξ and η; the fiber of ξ A η over b is
If A cz B, ξ\A is defined to be the bundle ξ~\A) -> ^4 whose projection and section are the restrictions of ξ and Δ^.
If Xis a based space, let Xdenote the product bundle/?: X X B -> B with/?(.*, ό) = b and Δ(ft) = (*, b).
If α: £ -> B is a vector bundle, let α denote the based sphere bundle obtained by taking the fiberwise one-point compactification of E and letting Δ be the cross-section at infinity. Note that a θ β is canonically isomorphic toaAβ.
There is a functor T from sectioned bundles to based spaces defined by If a is a vector bundle, T(a) is just the usual Thorn space of α, also denoted Ta oτB a .UA c J5, define
We may also define a category of pairs (£, £') where £ is a sectioned bundle of £ and £' is a subbundle of ξ\A; if (η, η') is another such pair let the morphism space be the subspace of Bund o (£, η) of maps sending ξ' into η'. 
(4.2) LEMMA, (i) There is a natural isomorphism T{ X A £) « X A T(ξ). (ii) T is a continuous functor, and induces a homeomorphisms

Bund o (S°,S°\(dM/J);η,*).
From the note on M Xj F, we see that η may be decomposed as where σ is suspension by ϋ.
APPROXIMATION THEOREM FOR EQUIVARIANT LOOP SPACES 39
The manifold we wish to study is a manifold M = M(V) constructed by letting δ > 0 be small enough that
is a deformation retract of V Π W (H) , where
We cannot prove that e(M(V)) is an equivalence if Fis finite-dimensional. However, let W be a representation of G containing an orbit isomorphic to G/H and a copy of R
00
. Then there is a sequence of finite-dimensional sub-JV7/-spaces
.., and choose δ s so that \^M λ ) c (M 2 ,3M 2 ) c ... .
The union U n M n is a free /-space which can be shown to be contractible and hence may be thought of as the total space EJ of the universal bundle of/.
We may also choose the embeddings i n : M n /J -> R^ so that s n < s n + v and so that
commutes, where /'(/) = (ί,0) is the standard inclusion. It follows that
commutes, where σ is suspension composed with the inclusion induced from M n *-> M n+1 , and j is defined as making the following diagram commute:
(4.10) PROPOSITION. Lei t/ = W H and Y = Λ^. Γαλ mg ίλe ώ'recί Λ' ra/7 over the sequence (4.6) t>/α diagram (4.8), Je/ίwe ε to be the composite
Then ε is an equivalence of H-spaces.
Proof. The i/-structure on (Ω, u Σ υ Y)™ comes from the loop multiplication, since R 00 < W H , and this is carried over to the mapping spaces since if V n θ R c V n+V then M w XRc M n+1 . The map ε is an H-meφ since we may choose the V n 's to have the form V' n θ R, where U = (U n V£) θ R, and we can choose i n : M n /J -> W n to have the form The proof that ε is an equivalence occupies the remainder of this section.
Some of the maps we will use are duality maps from a fiberwise duality involving m A ξ. We recall some facts of equivariant topology. (ii) there is a G-deformation U -X -> 3ί/, and (iii) A embeds in a hemisphere E + of the unit sphere with (i) and (ii) restricting appropriately. In this case, an argument similar to that of Atiyah in [Al] shows that U/dU is S'dual to X/A, and U/(dU
A fiberwise duality is a map γ Λ γ -> S t of bundles which restricts to a duality on fibers. The above lemma proves the existence of a fiberwise dual for a bundle γ whose fibers are finite G-CW complexes. Hence assume from now on that Y is finite, and let γ be the dual to the bundle γ = 7Γ Λ£, and /': M XjΣ L Y -* M/J X R' the inclusion as a fiberwise ENR.
In this case, we may define an embedding
Then we can prove In the above proposition, the duality map
comes from the embedding j in (4.13). This and the fiberwise duality γ Λ γ -> S t induce maps
which will be generically denoted by D. We now use these maps to complete the proof that ε is an equivalence.
By construction ε = limC* ° T n ° σ(ϋ w ). The connectivity of the fiber of ϋ n tends to infinity with n, and a suspension theorem [Jl] applies to prove that limσ(ϋ w ) is an equivalence To show that lim C* ° T n is a equivalence, we note that the following diagram commutes for M = M n : where the σ's are suspensions, A^ is any number > s, and p:
collapses M/J to a point. By (4.2) (ii), the composite pT is a homeomorphism since r θ υ = S s+t is trivial. Passing to the limit over M n , the suspensions and duality maps become equivalences, and hence so does limQT w .
This was all done assuming X finite, but now a simple colimit argument allows us to deduce the same result when X is a countable G-CW complex as in the hypotheses to (1.15). D 5. Duality and configuration spaces. This is parallel to §4; we will exhibit homotopy-equivalences
where U 9 Y, and L are as in (4.10). Let V λ < V 2 < < U be as in (4.6), and M n = M(V n ) for n = 1,2, Now define C NH (M\dM, Y) as the space of configurations in C NH (V,Y) We pass to limits and obtain the composite commutes, where γ' is the map replacing each little cube with its centerpoint.
6
. Proof of the main theorem. This section contains the proof of (1.15); in fact, we will prove the following general statement: (6.1) If R 00 < W, then the restriction of α, is a group completion for any orbit-type family J^of closed subgroups of G.
The proof of (6.1) consists of a series of lemmas. which commutes up to homotopy, where α' is the nonequivariant approximation, and γ, γ', μ, μ, and ε are equivalences. Thus (6.2) follows from the fact that α' is a group-completion ( [Cl] , [C4] , [SI] Proof. Clearly it suffices to show this for the case where B is connected (B = B o ) or discrete {B = τr o 5). The discrete case is easy algebra, and we consider only the connected case.
The product of group-completions is a group-completion [C2] , [M4] , so that there is an //-map γ: F X B -> E such that A B homotopy-commutes. Hence γ is an equivalence, and γ is a group-completion. Q
